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A Proofs

Proof of Proposition 1

To prove 1.1, note that by frame exogeneity, Y (0) ≡ E [Yi(0)|Di = 0] = E [Yi(0)]. By frame
monotonicity, Yi(0) = 1 =⇒ Yi(1) = 1, so that Ci = 1. In addition, Yi(0) = Yi(1) = 1
implies Y ∗i = 1 by the consistency principle. Therefore, Yi(0) = 1 =⇒ CiY

∗
i = 1. Similarly,

the consistency principle and the definition of Ci imply that CiY ∗i = 1 =⇒ Yi(0) = 1.
Therefore, we have CiY ∗i = 1 ⇐⇒ Yi(0) = 1, so we can write

Y (0) = E[Ci Y ∗i ] (1)

Following the same reasoning, it is straightforward to show

Y (1) = 1− E [Ci (1− Y ∗i )] (2)

Substituting these expressions into the definition of Y c yields Y c = E[CiY
∗

i ]
E[Ci] = E[Y ∗i |Ci = 1],

where the second equality follows from the definition of a conditional expectation.
To prove 1.2, let α = p(Yi(0) = 1; Yi(1) = 0) denote the fraction of frame defiers and

note that p(Ci = 0) = p(Yi(1) = 1; Yi(0) = 0) + α. Note that α ≥ 0. It is straightforward
to show that under A1-A3,

E[Yi(0)] = p(Ci = 1)E[Y ∗i |Ci = 1] + α (3)

E[Yi(1)] = p(Ci = 1)E[Y ∗i |Ci = 1] + p(Ci = 0)− α (4)

Substituting these into the definition of Y C , we have

Y C = p(Ci = 1)E[y∗|Ci = 1] + α

p(Ci = 1) + 2α (5)
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Subtract 1
2 from both sides of (5) to obtain

Y C −
1
2 =

p(Ci = 1)(E[y∗|Ci = 1]− 1
2 )

p(Ci = 1) + 2α (6)

In addition, subtracting E[y∗|Ci = 1] from both sides of (5) yields

Y C − E[Y ∗i |Ci = 1] = α(1− 2E[y∗|Ci = 1]))
2α+ p(Ci = 1) (7)

This expression gives the bias in Y C when frame monotonicity fails. To complete the proof,
note that by (6), Y C > 1

2 =⇒ E[y∗|Ci = 1] > 1
2 , and then by (7), E[y∗|Ci = 1] > 1

2 =⇒
E[Y ∗i |Ci = 1] ≥ Y C . This proves 1.2.i. Repeating these two steps with the inequalities
reversed proves 1.2.ii. Finally, 1.2.iii follows directly from 6. �

Proof of Proposition 2

By definition, cov(Y ∗i , Ci) = E[Y ∗i Ci]−E[Y ∗i ]E[Ci]. Rearranging terms, E[Y ∗i ] = E[Y ∗i Ci]
E[Ci] −

cov(Y ∗i ,Ci)
E[Ci] = E[Y ∗i |Ci = 1] − cov(Y ∗i ,Ci)

E[Ci] , where the last equality follows from the definition
of conditional expectation. From (1) and (2), we have E[Ci] = Y (0) + 1− Y (1). The result
follows from applying Proposition 1.1. �

Proof of Proposition 3

By the law of iterated expectations:

E[Y ∗i ] = E[Y ∗i |Ci = 1]p(Ci = 1) + E[Y ∗i |Ci = 0]p(Ci = 0) (8)

We first assume frame monotonicity to prove 3.1. From (1), we have Y (0) = E[Y ∗i Ci] =
E[Y ∗i |Ci = 1]p(Ci = 1). Also, from (1) and (2), we have Y (1) − Y (0) = p(Ci = 0).
Substituting these into (8) yields

E[Y ∗i ] = Y (0) + E[Y ∗i |Ci = 0](Y (1)− Y (0)) (9)

Proposition 3.1 follows from the fact that (9) is strictly increasing in E[Y ∗i |Ci = 0] and
E[Y ∗i |Ci = 0] ∈ [0, 1].

To prove 3.2, note that by (3) and (4),

p(Ci = 1) = Y (0) + 1− Y (1)− 2α (10)

E[Y ∗i |Ci = 1] = Y (0)− α
Y (0) + 1− Y (1)− 2α

(11)

Note that (11) implies that consistent preferences are point-identified when the prevalence
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of frame defiers, α, is known. Substituting (10) and (11) into (8) yields

E[Y ∗i ] = Y (0)− α+ E[Y ∗i |Ci = 0](Y (1)− Y (0) + 2α) (12)

Because Y (1)−Y (0)+2α = p(Ci = 0) ≥ 0, this expression is strictly increasing in E[Y ∗i |Ci =
0].

For the lower bound, set E[Y ∗i |Ci = 0] = 0, which yields E[Y ∗i ] ≥ Y (0) − α. This
expression is decreasing in α, so we obtain a lower bound with the maximum possible α. By
(11), E[Y ∗i |Ci = 1] ≤ 1 implies α ≤ 1 − Y (1). It follows that E[Y ∗i ] ≥ Y (0) − (1 − Y (1)),
which is only binding when Y (0)− (1− Y (1)) ≥ 0.

For the upper bound, set E[Y ∗i |Ci = 0] = 1 in (12): E[Y ∗i ] ≥ Y (1) + α. This expression
is increasing in α, so we obtain an upper bound by setting the maximum possible α. By
(11), E[Y ∗i |Ci = 1] ≥ 0 implies α ≤ Y (0).1 It follows that E[Y ∗i ] ≤ Y (0) + Y (1), and this
upper bound is binding whenever Y (0) + Y (1) ≤ 1. �

Proof of Lemma 1

Throughout the proofs of Lemma 1 and Proposition 3 we suppress the notation for condi-
tioning on Xi = X, so that, for example, E[Y ∗i |X] ≡ E[Y ∗i |Xi = X].

To prove L1.1, note that Bayes Rule implies

p(Xi = X|Ci = 1) = p(Ci = 1|X)
p(Ci = 1) p(Xi = X) (13)

In the proof of Proposition 1.1, we showed that p(Ci = 1) = Y (0) + 1− Y (1) under un-
conditional frame exogeneity(A2). Repeating the proof of Proposition 1 while conditioning
on X under conditional frame exogeneity(A3’) yields p(Ci = 1|X) = Y (0, X) + 1−Y (1, X).
By the law of total probability, p(Ci = 1) = EX [Y (0, X) + 1− Y (1, X)]. Substituting these
two expressions into (13) yields p(Xi = X|Ci = 1) = q(X)p(Xi = X).

The proof that p(Xi = X|Ci = 0) = s(X)p(Xi = X) is analogous. �

Proof of Proposition 4

To prove 4.1, note that by the law of iterated expectations

E[Y ∗i ] = EX [E[Y ∗i |X]] (14)

Repeating the proof of Proposition 1.1 while conditioning on X yields E[Y ∗i |Ci = 1, X] =
Y C(X). Conditional consistency independence (A5) implies E[Y ∗i |X] = Y C(X). Substitut-
ing this into (14) yields the desired result.

1Combining insights from these two cases, it follows that α ≤ min{Y (0), 1− Y (1)}. Which of these two
constraints is binding determines whether we obtain an upper or a lower bound for E[Y ∗

i ].
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To prove 4.2, we begin by observing that

E[Y ∗i |Ci = 0] = p(Y ∗i = 1; Ci = 0)
p(Ci = 0)

Applying the law of iterated expectations to the numerator yields

E[Y ∗i |Ci = 0] = EX [p(Y ∗i = 1; Ci = 0|X)]
p(Ci = 0) (15)

By the definition of conditional probability, we know that for any X

p(Y ∗i = 1; Ci = 0|X) = E[Y ∗i |Ci = 0, X] p(Ci = 0|X)

As above, conditional consistency independence (A5) implies E[Y ∗i |Ci = 0, X] = E[Y ∗i |X] =
Y C(X). Equation (15) then implies that

[Y ∗i |Ci = 0] = EX

[
p(Ci = 0|X)
p(Ci = 0) Y C(X)

]

Substituting the result from L1.2 that p(Ci=0|X)
p(Ci=0) = p(Xi = X|Ci = 0) = s(X) yields the

desired result. �

Proof of Proposition 5

From A2”, we can write Y (D,Z) ≡ E [Y (D,Z) |Di = D, Zi = Z] = E[Y (D,Z)]. For
each fixed Z, the conditions are identical to those in Proposition 1.1. We thus obtain
E[Yi(0, Z)] = p(Y ∗i = Ci(Z) = 1) = E[Y ∗i | Ci(Z) = 1] p (Ci(Z) = 1).

By decision quality monotonicity (A7), we can divide the population into three groups
based on (Ci(1), Ci(0)): the always consistent (A) with Ci(1) = Ci(0) = 1; the sometimes
consistent (S) with Ci(1) = 1; Ci(0) = 0; and the never consistent (N) with Ci(1) = Ci(0) =
0. Let πj denote the share of the population in each group for j = A,S,N , and let E[Y ∗i |j]
denote the fraction of each group preferring option 1.

Using the definitions of these groups, we can write:

Y (0, 0) = E[Y ∗i |A]πA

Y (0, 1) = E[Y ∗i |A]πA + E[Y ∗i |S]πS

so that
Y (0, 1)− Y (0, 0) = E[Y ∗i |S]πS (16)

Following the same logic as in the proof of Proposition 1.1, it is easy to show that p (Ci(Z) = 1) =
Y (0, Z) + 1− Y (1, Z). It follows that

p(Ci(0) = 1) = πA = Y (0, 0) + 1− Y (1, 0)
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p(Ci(1) = 1) = πA + πS = Y (0, 1) + 1− Y (1, 1)
πS = Y (1, 0)− Y (0, 0)− (Y (1, 1)− Y (0, 1)) (17)

Dividing (16) by (17) yields the desired result. �

B Extrapolation from Decision Quality Instruments to
Population Preferences

The next two sections develop identification conditions for population and inconsistent
decision-maker preferences that utilize variation in z. On its own, Proposition 5 does not
identify these parameters; rather, by shedding light on the covariance between preferences
and consistency, it allows us to extrapolate preference information from consistent decision-
makers to other groups in the population.

B.1 Parametric Extrapolation with Decision Quality Instruments

This section develops a latent variable model of the relationship between decision-makers’
consistency and their preferences, assuming a bivariate normal distribution for the idiosyn-
cratic terms. With this additional structure, population preference parameters may be fully
characterized using a decision quality instrument.

Suppose that consistency for individual i is determined by

Pi = P + θZi + εi (18)
Ci = 1 ⇐⇒ Pi > 0, (19)

where Pi is a latent variable reflecting idiosyncratic variation εi and the effect of a decision
quality instrument Zi ∈ {0, 1}. Note that consistency depends on i’s choice under both
frames, so Pi does not depend on the frame to which i is assigned. Note also that decision
quality monotonicity (A6) is satisfied provided θ > 0.

Next, suppose the distribution of preferences can also be described with a latent variable
model:

Mi = M + νi (20)
Y ∗i = 1 ⇐⇒ Mi > 0, (21)

where the latent variable Mi simply reflects idiosyncratic variation in preferences, νi. Frame
separability (A1) is satisfied because Mi does not depend on d, and the decision quality
exclusion restriction (A7) is satisfied because Mi does not depend on Zi. Exogeneity of
the decision quality instrument and frame (A2”) is satisfied provided that εi and νi are
independent of Zi and Di.
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Assume that εi and νi are characterized by a bivariate standard normal distribution:(
εi

νi

)
∼ N

((
0
0

)
,

(
1 ρ

ρ 1

))
, (22)

where ρ ∈ (−1, 1) is the correlation between the error terms and where the normalization
is without loss of generality. Note that consistency independence is satisfied if and only if
ρ = 0.

We close the model with the consistency principle (A3) and frame monotonicity (A4).
Together, these assumptions allow us to evaluate the probability of observing a given choice
for a given (D,Z) combination:

Yi(0, Z) = 1 ⇐⇒ εi > −P − θZ; νi > −M (23)

Yi(1, Z) = 0 ⇐⇒ εi > −P − θZ; νi < −M. (24)

Equations (23) and (24) can be combined with (22) to identify the parameters of the
model: P , M , θ, and ρ. One can then recover ordinal preferences by integrating the un-
derlying distribution: E[Y ∗i ] = Φ(M̄), where Φ(·) is the standard normal cumulative den-
sity function, and E[Y ∗i |Ci(Z) = 0] = 1

1−E[Ci(Z)]
´ P−θ Z
−∞

´∞
−M φBV SN (ε, ν; ρ)∂ν∂ε, where

φBV SN (a, b; ρ) is the bivariate standard normal density with correlation coefficient ρ evalu-
ated at (a, b).

The statistical model described above resembles the classic bivariate normal model of
selection (see e.g. Heckman, 1979). Variation in the decision quality instrument induces vari-
ation in consistency without affecting preferences; this guarantees the relationship between
consistency and preferences is identified without relying solely on functional form (Puhani,
2000).

With a binary decision decision quality instrument, the model is just-identified. Addi-
tional values of Z permit maximum likelihood estimation of the model’s parameters.

B.2 Semi-Parametric Extrapolation with Decision Quality Instru-
ments

This section develops an extrapolation approach for recovering population preferences with-
out relying on parametric distributional assumptions. In particular, we model the prefer-
ences of the consistent decision-makers at a given value of the decision quality instrument
as a flexible polynomial in the fraction of decision-makers who are consistent at that value
of the decision quality instrument.2

2This approach shares some similarity to the literature on non-parametric identification of marginal
treatment effects from local average treatment effects (Heckman and Vytlacil, 2005). An important difference
is that the techniques in that literature utilize instrumental variables that drive the propensity to participate
in the treatment over a range from 0 to 1. However, in our context, if we were able to observe decisions
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Suppose the decision quality instrument Z is observed taking on N + 1 values, indexed
z0, z1, ..., zN , and drawn from a continuous ordered set of values, [z, z] ⊂ R such that
E[Ci(z)] = 0 and E[Ci(z)] = 1. In addition, suppose that decision quality monotonic-
ity holds with respect to any two values of Z:

A6’ For all individuals and all z, z′ ∈ [z, z] such that z > z′, Ci(z) ≥ Ci(z′) and E[Ci(z)−
Ci(z′)] > 0.

For each individual, let z∗i < z denote the value of z at which she begins to choose con-
sistently, i.e., z ≥ z∗i =⇒ Ci(z) = 1. Assumption A6’ implies that z∗i is unique for each
individual. Denoting the CDF of z∗i by F (.) and the PDF by f(.), we have E[Ci(z)] = F (z).
In addition, note that the second part of A6’ guarantees f(z) > 0 for all z ∈ [z, z], so that
F (.) is strictly increasing with a well-defined inverse function over E[Ci(z)] ∈ [0, 1], which
we denote F−1(E[Ci(z)]).

Finally, let g(z) ≡ E[Y ∗i | z∗i = z] denote the preferences of the marginally consistent
decision-makers at a given z. To guarantee the validity of the taylor series approximation
that underpins the following result, it will be convenient to assume that both F (z) and g(z)
are infinitely differentiable with respect to z.

Proposition 6 Assume that A1, A3, and A4 hold at each fixed value of Z, and assume
A2”, A6’, and A7. For any degree M ∈ N, there exist constants a0...aM such that

(6.1) For any z, E[Y ∗i |z∗i = z] ≈ a0 + a1E[Ci(z)] + a2E[Ci(z)]2...+ aME[Ci(z)]M

(6.2) For any z, E[Y ∗i |Ci(z) = 1] ≈ a0 + a1
2 E[Ci(z)] + a2

3 E[Ci(z)]2 + ... aM

M+1E[Ci(z)]M

(6.3) E[Y ∗i ] ≈ a0 + a1 + ...+ aM

Proof Throughout the proof it will be convenient to denote E[Ci(z)] by Cz. Fix any
M ∈ Z+. Our technical assumptions – requiring F (z) = 0, F (z) = 1, and F strictly
increasing – imply that F has a well-defined inverse function over the unit interval [0, 1].
Because we have assumed F (z) and g(z) are continuous and infinitely differentiable, the
function h = g ◦ F−1 will be continuous and infinitely differentiable as well. As a result, h
has a well-defined taylor series approximation of degree M about any point in (0, 1). Noting
that h(Cz) = E[Y ∗i |z∗i = F−1(Cz)] = E[Y ∗i |z∗i = z] proves (6.1).

To prove (6.2), note that the preferences of the consistent choosers at some z′, E[Y ∗i |Ci(z′) =
1] = E[Y ∗i |z∗i ≤ z′], can be expressed using the definition of conditional probability as

E[Y ∗i |Ci(z′) = 1] =

´ z=z′

z=z g(z) f(z) dz
F (z′)

made under a decision-quality state that induced everyone to choose consistently, we could simply look at
the preferences revealed in that state to recover the preferences for the population.

7



We employ a change of variables, letting c = F (z), dc = f(z)dz. From above, g(z) = h(Cz),
so we obtain

E[Y ∗i |Ci(z′) = 1] =
´ c=F (z′)
c=0 h(c)dc

F (z′)

Given that the expression in (6.1) is a Taylor Series approximation of h(c̄) by construction,
we can substitute the expression in (6.1) into the numerator of the above expression, evaluate
the integral in the numerator, and divide by F (z′) = Cz′ to obtain (6.2).

The result in (6..3) follows from evaluating the expression in (6.2) at c = 1. �

Proposition 6 implies that the preferences of the consistent decision-makers at a partic-
ular value of the decision quality instrument can be approximated by a polynomial function
in the fraction of decision-makers who choose consistently at that value of the instrument.
Because A6’ guarantees a one-to-one mapping between z and E[Ci(z)], we can write the
preferences of the marginally consistent decision-makers as a function of the fraction of
decision-makers choosing consistently, i.e. E[Y ∗i |z∗i = z] = g(F−1(E[Ci(z)])). In addition,
infinite differentiability of g and F ensure the composite function h ≡ g ◦ F−1 will have
a well-defined taylor series approximation of degree N . We then obtain (6.2) by integrat-
ing the marginal preference function h(.) from E[Ci(z)] = 0 to E[Ci(z′)] and scaling by
E[Ci(z′)] for any arbitrary z′. Finally, (6.3) follows from setting E[Ci(z)] = 1 in (6.2). Note
that when N = M , we will have N + 1 equations in M + 1 unknowns, so that a0, ..., aM are
just-identified. When N > M , we will have more equations than unknowns, and a best-fit
technique such as least-squares can be used to estimate a0, ..., aM .
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